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Introduction
Symmetry is one of the most important concepts in modern physics, e.g. SU(3) symmetry in quark model, gauge symmetry in gauge theory, conformal symmetry in conformal field theory. To study physical system from symmetry point of view, we need the representation theory of the corresponding symmetry algebra; finite dimensional Lie algebra for quark model or gauge theory, infinite dimensional Lie algebra (the Virasoro algebra) for two-dimensional conformal field theory. Conformal symmetry restricts theories very severely due to its infinite dimensionality [13] . In fact, by combining the knowledge of the representation theory of the Virasoro algebra and the requirement of the modular invariance, the field contents of the minimal models were completely classified [16] . Another example of the powerfulness of the symmetry argument is that correlation functions of the XXZ model were determined by using the representation theory of affine quantum algebra U q sl 2 [18] .
When conformal field theory has some extra symmetry, the Virasoro algebra must be extended, i.e. semi-direct products of the Virasoro algebra with Kac-Moody algebras, superconformal algebras, the W algebras and parafermions. The W N algebra is generated by currents of conformal spin 2, 3, · · · , N, and their commutation relation has non-linear terms [45, 14] . The W infinity algebras are Lie algebras obtained by taking N → ∞ limit of the W N algebra.
The W infinity algebras naturally arise in various physical systems, such as twodimensional quantum gravity [23, 21, 28, 31, 41, 25] , the quantum Hall effects [17, 27] , the membrane [15, 22] , the large N QCD [26, 20] , and also in the construction of gravitational instantons [43, 44, 36] (see also [9] ). To study these systems we first need to prepare the representation theory of W infinity algebras, especially the most fundamental one, the W 1+∞ algebra.
To begin with, we present a short review of the history of the W infinity algebras before the appearance of ref. [30] . By taking an appropriate N → ∞ limit of the W N algebra, we can obtain a Lie algebra with infinite number of currents. Depending on how the background charge scales with N, there are many kinds of W infinity algebras. The first example is the w ∞ algebra [6] . Its generators w k n (k, n ∈ Z, k ≥ 2) have the commutation relation, To introduce a central extension in all spin sectors, we must take another type of the limit N → ∞ or the deformation of the w ∞ algebra. By deforming w ∞ , Pope, Romans and Shen constructed such algebra, the W ∞ algebra, in algebraic way by requiring linearity, closure and the Jacobi identity [37] . The W ∞ algebra is generated by W k n (k, n ∈ Z, k ≥ 2) and its commutation relation is given by (n + j), (1.3) wherec is the central charge of the Virasoro algebra generated by W 2 n , and the structure constantg The w ∞ algebra is obtained from W ∞ by contraction; we take the q → 0 limit after rescaling W k n → q 2−k W k n . Furthermore they constructed the W 1+∞ algebra which contains a spin 1 current [38] . The W 1+∞ algebra is generated by W k n (k, n ∈ Z, k ≥ 1) and its commutation relation is given by (n + j), (1.9) where c is the central charge of the Virasoro algebra generated by W 2 n , and the structure constant g 
−n , and have diagonalized central terms. The W 1+∞ algebra contains the W ∞ algebra as a subalgebra [39] , but it is nontrivial in these basis. Moreover various extensions were constructed; super extension (W 1,1 ∞ ) [12, 7] , [35] , and they were unified as W M,N ∞ [34] . Based on the coset model SL(2, R) k /U(1), a nonlinear deformation of W ∞ , W ∞ (k), was also constructed [10] .
When we study the representation theory of W infinity algebras, we encounter the difficulty that infinitely many states possibly appear at each energy level, reflecting the infinite number of currents. For example, even at level 1, there are infinite number of states W k −1 |hws (k = 1, 2, 3, · · ·) for generic representation, so we could not treat these states, e.g. computation of the Kac determinant. Moreover they are not the simultaneous eigenstates of the Cartan generators W k 0 (k = 1, 2, · · ·). Only restricted class of the representation were studied by using Z ∞ parafermion and coset model [8] or free field realizations [34] . In the free field realization, there are only finite number of states at each energy level because the number of oscillators is finite at each level.
Last year Kac and Radul overcame this difficulty of infiniteness [30] . They proposed the quasifinite representation, which has only finite number of states at each energy level, and studied this class of representations in detail. From physicist point of view, this notion is the abstraction of the property that the free field realizations have.
In this article, we would like to review the recently developed representation theory of the W infinity algebras, mainly the W 1+∞ algebra [30, 32, 5, 1, 2, 3, 4, 24] . In section 2 we give the definition of the W 1+∞ algebra and its (super)matrix generalizations. Various subalgebras of W 1+∞ are also given. In section 3 free field realizations of W 1+∞ and W
M,N 1+∞
are given. Using these we derive the full character formulae for those representations. In section 4 the quasifinite representation is introduced, and its general properties are presented. In section 5, after describing the Verma module, we compute the Kac determinant at lower levels for some representations (its results are given in appendix A). On the basis of this computation we derive the analytic form of the Kac determinant and the full character formulae. Appendix B is devoted to the description of the Schur function.
W infinity algebras
In this section we define the W 1+∞ algebra and its (super)matrix generalization W M,N 1+∞ . We also give a systematic method to construct a family of subalgebras of W 1+∞ .
The W 1+∞ algebra
Since the W algebras were originally introduced as extensions of the Virasoro algebra, we first recall the Virasoro algebra. Let us consider the Lie algebra of the diffeomorphism group on the circle whose coordinate is z. The generator of this Lie algebra is l n = −z n+1 d dz and its commutation relation is
The Virasoro algebra, whose generators are denoted as L n , is the central extension of this algebra,
Besides l n , we may consider the higher order differential operators on the circle,
where f and g are polynomials. The W 1+∞ algebra is the central extension of this Lie algebra of differential operators on the circle [39, 11, 30] . We denote the corresponding generators by W (z n D k ) and the central charge by C. The commutation relation is [30] 
Here the 2-cocycle Ψ is defined by
where θ(P ) = 1 (or 0) when the proposition P is true (or false). The 2-cocycle is unique up to coboundary [29] . By introducing z n e xD as a generating series for z n D k , the above 2-cocycle and commutation relation can be rewritten in a simpler form: 
W 1+∞ contains the u(1) subalgebra generated by J n = W (z n ) and the Virasoro subalgebra generated by
J n also generates the Virasoro algebra with c V ir = C. Moreover there are two one-parameter families of the Virasoro subalgebras generated by [24] 
whose central charge is
The u(1) current J n is anomalous except for β = . Since W 1+∞ contains the u(1) subalgebra, W 1+∞ has a one-parameter family of automorphisms which we call the spectral flow [42, 12] . The transformation rule is given by [1] 9) where λ ∈ C is an arbitrary parameter. For lower components, for example, it is expressed as
One can easily check that new generator W ′ (·) satisfies the same commutation relation as the original one W (·), eq. (2.5). The Hermitian conjugation † is defined by 11) and (aA + bB)
Finally we remark that W 1+∞ is generated by
is expressed as a commutator of W (z ±1 ) and W (D 2 ).
(Super)Matrix generalization of W 1+∞
We can construct a (super)matrix generalization of W 1+∞ . Let us consider the (M + N) × (M + N) supermatrices M(M|N; C). An element of M(M|N; C) has the following form:
where
with complex entries. Z 2 -gradation is denoted by |A|; |A| = 0 for Z 2 -even and |A| = 1 for
The supertrace is str A = tr 14) and satisfies str (AB) = (−1) |A||B| str (BA).
) and the center C, is defined by the following (anti-)commutation relation:
We call this (Z 2 -graded) Lie algebra the W M,N 1+∞ algebra, which satisfies the Jacobi identity
The original W 1+∞ algebra corresponds to M = 0, N = 1. M = 0 case was constructed in [35] , and M = N = 1 case in [2] . The 
where µ a (a = 1, · · · , M) and λ i (i = 1, · · · , N) are arbitrary parameters, and 
Subalgebras of W 1+∞
Although W 1+∞ was constructed from W ∞ by adding a spin-1 current historically, it is natural to regard that W ∞ is obtained from W 1+∞ by truncating a spin-1 current [39] . The higher spin truncation of W 1+∞ was also constructed [11] . We will give a systematic method to construct a family of subalgebras of the W 1+∞ algebra [4] . Let us choose a polynomial p(D) and set 19) or equivalently
We call this subalgebra
In this subalgebra there are no currents with spin
We remark that the Virasoro generators exist only if deg p(w) ≤ 1. In the case of W ∞ , the Virasoro generator L n is given by L n = − W (z n ) whose central charge,c V ir , is related to C asc V ir = −2C [39] . For deg p(w) ≥ 2, we extend the algebra introducing the L 0 operator such as to count the energy level,
Next we give another type of subalgebra of W 1+∞ . For any positive integer p, W 1+∞ with the central charge C contains W 1+∞ with the central charge pC [23] . We denote its
Essentially this is interpreted as the change of variable, 
Free field realizations
In this section we give the free field realizations of W 1+∞ and W M,N 1+∞ . Using these realizations, we give their full character formulae.
W 1+∞
The W 1+∞ algebra is known to be realized by free fermion [12] or bc ghost [32] 
where ǫ = 1 for fermionic ghost bc or ǫ = −1 for bosonic ghost βγ. The W 1+∞ algebra with C = ǫ is realized by sandwiching a differential operator between bc:
Here the normal ordering and generates the gl(∞) algebra:
where C = ǫ in this case. We remark that the spectral flow transformation eq. (2.9) with parameter λ ′ is obtained by replacing b, c in eq. (3.2) with b
From eq. (3.2) we obtain
This means that |λ is the highest weight state of W 1+∞ and its weight is
where ∆ λ k is the Bernoulli polynomial defined by
To express how many states exist in the simultaneous eigenspace of the Cartan generators W (D k ), the full character formula is introduced as ch = tr exp
where the trace is taken over the irreducible representation space and g k are parameters. The states in the representation space are linear combinations of the following states:
This state, however, is not the simultaneous eigenstate of
On the other hand, the states in the Fock space of bc ghosts are linear combinations of the following states:
Using this property, we derive the full character formula [5, 1] . For the fermionic case (ǫ = 1), it is well known that the fermion Fock space can be decomposed into the irreducible representation spaces of u(1) current algebra (cf. eq. (B.3)). Since W 1+∞ -generator does not change the U(1)-charge and W 1+∞ contains u(1) as a subalgebra, each u(1) representation space is also the representation space of W 1+∞ and irreducible [34, 5] . For the bosonic case (ǫ = −1), the sector of vanishing U(1)-charge in the Fock space is the irreducible representation space of W 1+∞ [1] . By taking a trace over whole Fock space, we define S λ;ǫ m as follows:
where t counts the U(1)-charge and u r (λ), v s (λ) are
Then the full character for |λ is given by
We remark that S λ;1 m = S λ+m;1 0 by the above statement. So we abbreviate S λ = S λ;1 0 . Products in eq. (3.11) can be written as
By introducing the elementary Schur polynomials P n (see appendix B, eq. (B.18)),
To understand the full character formula, we specialize the parameters g k as
which correspond to tr q L 0 . For this choice, eq. (3.15) becomes
Then the specialized character is given by
20) 
However, the character for this representation can not be obtained by the method given in this section. We will give another method in section 5.
W M,N 1+∞
Results in the previous section are generalized easily [2] . Let us introduce M pairs of βγ ghosts and N pairs of bc ghosts:
where some conditions will be imposed on µ a and λ i later. Then the W
M,N
1+∞ algebra with C = 1 is realized as follows:
Here E's are defined by 26) and they generate (super)matrix generalization of gl(∞): 27) where C = 1 in this case and the other (anti-)commutation relations vanish. When µ a and λ i satisfy the following condition, 
The full character is defined by ch = tr exp 30) where the trace is taken over the irreducible representation space. By taking a trace over whole Fock space, we define S
as follows:
where we have used
Since the sector of vanishing U(1)-charge in the Fock space is again the irreducible representation space of W M,N 1+∞ , the full character for the representation |µ, λ is given by
Setting all g ′ a k and g i k to eq. (3.17), we obtain the specialized character. For example, in the case of M = 0, the specialized character is essentially u(1) character times level 1 su(N) character [34] . For N = M = 1 and µ = λ, the specialized character is given by
By interchanging βγ with bc, we obtain the realization with C = −1. Although realizations with integer C can be obtained by tensoring, the character can not be derived by the method in this section.
Quasifinite representation of W 1+∞
We study the highest weight representation of W 1+∞ . The highest weight state |λ is characterized by
where the weight ∆ k is some complex number. It is convenient to introduce the generating function ∆(x) for the weights ∆ k :
which we call the weight function. It is formally given as the eigenvalue of the operator −W (e xD ):
The Verma module is spanned by the state
The energy level, which is the relative L 0 eigenvalue, of this state is m i=1 n i . Reflecting the infinitely many generators, the Verma module has infinitely many states at each level. The irreducible representation space is obtained by subtracting null states from the Verma module. A null state is the state which can not be brought back to |λ by any successive actions of W 1+∞ generators. Of course, in other words, a null state is the state which has vanishing inner products with any states.
In the rest of this article, we will study the quasifinite representations [30] . A representation is called quasifinite if there are only a finite number of non-vanishing states at each energy level. The representations obtained by free field realizations in the previous 1 Eq.(79) in [34] can be expressed as ch
section have this property, because there are only finite number of oscillators at each energy level. To achieve this, the weight function must be severely constrained. We will show that if there are a finite number of states at level 1, then it is so at any level.
Let us assume that there are only a finite number of non-vanishing states at level n. This means that the following linear relation exists:
where f is some polynomial. Acting W (e x(D+n) ) to this state, we have
and thus the state
)|λ is also null for all k ≥ 0. In other words, the set
is an ideal in the polynomial ring C[w]. Since C[w] is a principal ideal domain, I −n is generated by a monic polynomial b n (w), i.e. I −n = {f (w)b n (w)|f (w) ∈ C[w]}. These polynomials b n (w) (n = 1, 2, 3, · · ·) are called characteristic polynomials for the quasifinite representation. Let f n (w) be the minimal-degree monic polynomial satisfying the following differential equation:
Then the characteristic polynomials b n (w) are related to each other as follows:
The b n (w)'s are determined as the minimal-degree monic polynomials satisfying both (i) and (ii). The property (i) is derived from the null state condition,
The property (ii) is derived from the following null state condition,
The solution of these conditions are given by [30, 3] Therefore, the necessary and sufficient condition for quasifiniteness is that the weight function satisfies this type of differential equation. Moreover it has been shown that the finiteness at level 1 (i.e. existence of b(w)) implies the finiteness at higher levels (i.e. existence of b n (w)). If we factorize the characteristic polynomial b(w) as 10) then the solution of eq. (4.9) is given by
where p i (x) is a polynomial of degree m i − 1 3 . Since ∆(x) is regular at x = 0 by defi-
(m i + 1) parameters; C, λ i and coefficients in p i (x)'s. In contrast to the weight function for general (non-quasifinite) representation, the weight function for quasifinite representation has thus only finite parameters. The representation realized by free field studied in section 3.1 has the weight function ∆(x) = ǫ e λx −1 e x −1 , which corresponds to the characteristic polynomial b(w) = w − λ. We can explicitly check that b n (w) is given by eq. (4.8) [32] .
Under the spectral flow eq. (2.9), the representation space as a set is kept invariant. Furthermore the highest weight state with respect to the original generators W (·) is also the highest weight state with respect to the new generators W ′ (·). On the other hand, the weight function ∆(x) and the characteristic polynomial b(w) are replaced by the new ones [1] :
This implies that the spectral flow transforms λ i in eq. (4.10) into λ i + λ.
To study the structure of null states, let us introduce the inner product as λ|λ = 1, 14) and the corresponding bra state λ| as
Then the quasifinite condition for bra states is
These are consistent with the hermitian conjugation eq. (2.11) when ∆ k ∈ R (or ∆ k ∈ C if † is modified, (aA + bB)
Unitary representation was studied in [30] . The necessary and sufficient condition for unitary representation is that C is a non-negative integer and the weight function is
This weight function corresponds to the characteristic polynomial b(w) = ′ i (w−λ i ) where the product is taken over different λ i . We remark that all the unitary representations can be realized by tensoring C pairs of bc ghosts, eq. (3.23).
Quasifinite representations of W M,N 1+∞ and subalgebras can be treated similarly (For M = N = 1, see [2] , and for W 1+∞ [p(D)] see [4] ).
Kac determinant and full character formulae of W 1+∞
In this section we compute the Kac determinant for some representations, on the basis of which we derive the analytic form of the Kac determinant and full character formulae.
The Verma module
Let us study the quasifinite representation of W 1+∞ with central charge C and the weight function ∆(x). Characteristic polynomials b n (w) are determined from ∆(x). Since there are linear relations W (z −n D k b n (D))|λ = null, only deg b n (w) states are independent in the states {W (z −n D k )|λ }. We may take independent states as follows:
The Verma module for the quasifinite representation is defined as the space spanned by these generators. Therefore the specialized character formula for the Verma module is
For example, for b(w) = w − λ, we have tr q
This χ(q) has a close relationship with the partition function of three-dimensional free field theory (see [1] ).
Determinant formulae at lower levels
In this subsection we will present explicit computation of the Kac determinant for quasifinite representations [1] . First let us consider the representation with ∆(x) = C e λx −1 e x −1
. The characteristic polynomial is b(w) = w − λ (b(w) = 1 for C = λ = 0). For the first three levels, the relevant ket states are,
Corresponding bra states may be given by changing z −n into z n . Inner product matrices are straightforwardly calculated; for example, at level 2,
The determinant for this matrix is 2C 3 (C − 1). We computed the Kac determinant up to level 8 by using computer [1] :
We remark that λ-dependence disappears due to nontrivial cancellations. This is explained by the spectral flow [1] . We computed also the corank of the inner product matrix:
where the exponent stands for a corank, i.e. a number of null states. Subtracting this number from eq. (5.5), we get the specialized characters at lower levels. We will present the determinant and full character formulae in section 5.3. Next we take the representation with
where λ i 's are all different numbers. The characteristic polynomial is given by
(if C i = λ i = 0, then the factor w − λ i in b(w) should be omitted). Assuming that the difference of any two λ i 's is not an integer, we computed the Kac determinants at lower levels for K = 1, · · · , 5, and they are given in appendix A [1] . The determinant formula may be written in the following form:
λ i -dependence appears only through their differences due to the spectral flow symmetry [1, 3] . The functions A n and B n have zero only when C i or λ i − λ j is integer.
We will give an analytic expression for B n (λ). Let us consider the case when one pair λ i − λ j is an integer ℓ. In this case the characteristic polynomial b n (w) may have degree less than n deg b(w). The weight function becomes 9) and we denote the corresponding characteristic polynomial as b ′ (w; ℓ) and b ′ n (w; ℓ), and the discrepancy of degree as
where β n (ℓ) is defined by
Its proof can be found in [3] . We remark that the determinant formula for the representation with ∆ ′ (x; ℓ) is not given by eq. . Such a determinant has mixed C i factors, e.g. C i + C j + 1. We here give some examples in the λ i − λ i+1 = 1 case. When K = 2, the determinant for the first five levels are
and when K = 3, that of the first three levels are
In this subsection we study the representation with ∆(x) = C e λx −1 e x −1 [3] . The corresponding characteristic polynomial is b(w) = w − λ (b(w) = 1 for C = λ = 0, but in this case nonvanishing states are |λ only. So we do not care about this case). We have already known the full character formula for C = ±1. The numbers of states, eqs. (3.20,3.22) , are less than that of the Verma module eq. (5.3) . The determinant formula at lower levels given in the previous section suggests that additional null states appear only when C is an integer. This is indeed the case, and we will derive the analytic form of the determinant and full character formulae.
As we have shown, the basis eq. (4.4) is not a good basis because of eq. (3.9). The construction of the diagonal basis becomes possible if we view the W 1+∞ algebra from the equivalent gl(∞) algebra, which is implicitly used in section 3.1. It was proved that the quasifinite representations of those algebras coincide [30] . The gl(∞) algebra is defined by eq. (3.4) and the relation with W 1+∞ is
The highest weight state of gl(∞) is defined by E(r, s)|λ = 0 (r + s > 0),
14)
The quasifiniteness of the representation is achieved only when finite number of h r = q r − q r−1 + Cδ r0 are non-vanishing [30] . In this case the following E(r, s) annihilates the highest weight state [3] :
The generator E(r, s) is already diagonal with respect to the action of the Cartan elements,
Therefore the state
is the simultaneous eigenstate of W (D k ) with the eigenvalues
The representation space is decomposed into the eigenspace with above eigenvalues. So we need to consider only this subspace, which is spanned by
where σ is a permutation of n objects. The number of these states is equal to the number of onto-map from I = {r 1 , · · · , r n } to J = {s 1 , · · · , s n }.
We calculated the inner product matrix of these state [3] . By symmetrizing the indices of eq. (5.19) according to the Young diagram with n boxes, this matrix can be blockdiagonalized. Each block can be further diagonalized. In fact, when r a 's and s a 's are all different respectively, we obtained an explicit form |Y ; α, β (see [3] for details). In general, by taking appropriate linear combination of eq. (5.19), an orthogonal basis |Y ; α, The determinant formula given in section 5.2 is reproduced from above results. For example, at level 4,
where each factor comes from ({1, 1, 1, 1} , {0, 0, 0, 0}).
As a simple corollary of the inner product formula, we may derive the condition for the unitarity. The positivity of the representation space may be rephrased as the positivity of the right hand side of eq. (5.20) for any Y . From eq. (5.21), we can immediately prove that this condition is achieved only when C is non-negative integer.
The full character is defined by eq. (3.8). From above determinant formula, when C is not an integer, there are no null states aside from those coming from characteristic polynomials. Therefore combining eqs. (5.16,5.17) we get the full character formula for non-integer C,
where ∆ λ k , u r (λ) and v s (λ) are defined by eq. (3.7),(3.12) respectively. If we expand this product as
then N(I, J) gives the number of the states of the form eq. (5.19). We need to go further to classify those states after the Young diagram. The following result gives such classification (see appendix B), 25) where n is an non-negative integer, and wd(Y ) (ht(Y )) stands for the number of columns (rows) of Y . The full characters obtained in section 3.1 agree with this result. By setting g k to eq. (3.17), we obtain the specialized character. In this case the Schur polynomial is expressed as 
As we will show in the next subsection, eq. (5.28) can be rewritten in a product form:
This character is consistent with the conjecture that the representation space is spanned by
Other cases
In ref. [24] , the quasifinite representation with the weight function, 31) was studied. This representation is realized by bc ghost, eq. (3.23). We review their results. Let us break the set {λ 
Then the representation for the weight function ∆(x) is a direct product of the represen- [30] . Therefore, the character is factorized as 33) where ch i is the character of the representation for ∆ i (x), and we need to consider only the quasifinite representations with
The full characters for these representations are given by [24] 35) where S λ is defined in section 3.1. By setting g k to eq. (3.17) and using eq. The Schur function, which is the character of the general linear group, can be expressed in terms of free fermions [40, 19] . In this appendix we summarize the useful formulae( [3] , see also [33] ).
B.1
Free fermions 5♭ (z), ♭(z) and the vacuum state 0 are defined bȳ
(B.1) 5 We use this notation to avoid a confusion with the free fermions used in the free-field realization of W 1+∞ . Relation to usual free fermionsψ(z) = r∈Z+ 
2)
The fermion Fock space is decomposed into the irreducible representations of u(1) with the highest weight state N (N ∈ Z),
A free boson φ(z) and the vacuum state p B are defined by Boson-fermion correspondence is
A Young diagram has various parametrization:
According to these parametrizations, we denote the Young diagram Y by
, and the number of boxes as Here we have used the completeness of { Y } in the fermion Fock space with vanishing U(1)-charge.
B.3
In this subsection we set x ℓ as follows: 
